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LINKAGE OF FINITE GC -DIMENSION MODULES
ARASH SADEGHI
Abstract. Let R be a semiperfect commutative Noetherian ring and C a semidualizing R–
module. We study the theory of linkage for modules of finite GC -dimension. For a horizontally
linked R–module M of finite GC -dimension, the connection of the Serre condition (Sn) with the
vanishing of certain relative cohomology modules of its linked module is discussed.
1. Introduction
The theory of linkage of algebraic varieties was introduced by C. Peskine and L. Szpiro [18].
Recall that two ideals a and b in a Gorenstein local ring R are said to be linked by a Gorenstein
ideal c if c ⊆ a ∩ b such that a = (c) : b and b = (c) : a. The first main theorem in the theory
of linkage was due to C. Peskine and L. Szpiro. They proved that over a Gorenstein local ring
R with linked ideals a and b, R/a is Cohen-Macaulay if and only if R/b is. They also gave a
counter-example to show that the above statement is no longer true if the base ring is Cohen-
Macaulay but non-Gorenstein. Attempts to generalize this theorem lead to several development
in linkage theory, especially by C. Huneke and B. Ulrich ([12] and [13]). In [20, Theorem 4.1],
Schenzel proved that, over a Gorenstein local ring R with maximal ideal m, the Serre condition
(Sr) for R/a is equivalent to the vanishing of the local cohomology groups H
i
m(R/b) = 0 for all
i, dim(R/b)− r < i < dim(R/b), provided a an b are linked by a Gorenstein ideal c.
In [17], Martsinkovsky and Strooker generalized the notion of linkage for modules over non-
commutative semiperfect Noetherian rings. They introduced the operator λ = ΩTr and showed
that ideals a and b are linked by zero ideal if and only if R/a ∼= λ(R/b) and R/b ∼= λ(R/a) [17,
Proposition 1].
In [4] and [5], Dibaei and Sadeghi studied the theory of linkage for modules of finite GC -
dimension. In this paper, we continue our study and obtain new results in this direction.
Now we describe the organization of the paper. In Section 2, we collect preliminary notions,
definitions and some known results which will be used in this paper.
In Section 3, for a horizontally linked R–module M , the connections of its invariants GC -
dimension, depth and relative reduced grade with respect to a semidualizing module are studied.
The associated prime ideals of Ext
r.gradeIC (λM)
IC
(λM,R) is determined in terms of M , for any
horizontally linked module M (see Lemma 3.4). As a consequence, it is shown that under
certain conditions the depth of a horizontally linked module is equal to the relative reduced
grade of its linked module. For a horizontally linked R–module M of finite GC -dimension, the
connection of the Serre condition (Sn) with the vanishing of certain relative cohomology modules
of its linked module is studied. As a consequence, we obtain the following result for the linkage
of ideals (see also Theorem 3.17 for more general case).
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Theorem 1.1. Let (R,m) be a local ring, C a semidualizing R–module and α a GC -perfect ideal
of R of grade m. Set S = R/α, K = ExtmR (S,C). Assume that the ideals I and J are linked
by ideal α such that K/JK satisfies S˜1. If idSp(Kp) < ∞ for all p ∈ X
0(S) then the following
statements hold true.
(i) R/I is GC -perfect if and only if Ext
i
R/α(R/I,K) = 0 = Ext
i
IK
(R/J,R/α) for all i > 0.
(ii) If GC -dim(R/I) < ∞, then R/I satisfies S˜n if and only if Ext
i
IK
(R/J,R/α) = 0 for all i,
0 < i < n.
(iii) If depthR/α ≥ 2, (R/I)p is GCp-perfect for all p ∈ Spec(R)− {m}, then
ExtiIK (R/J,R/α)
∼= Him(R/I)
for all i, 0 < i < depthR/α.
In Section 4, we study the theory of linkage for modules in the Auslander class. For a semid-
ualizing R-module C and a stable R–module M , it is shown that if M ∈ AC and idRp(Cp) <∞
for all p ∈ SpecR with depthRp ≤ n− 2, then M is an n-th syzygy module if and only if M is
horizontally linked and ExtiR(λM,C) = 0 for all i, 0 < i < n(see Corollary 4.2).
In Section 5, the connection of the Serre condition (Sn) on an R-module of finite GC -dimension
with the vanishing of the local cohomology groups of its linked module is discussed. Let R be
a Cohen-Macaulay local ring R with canonical ωR and C a semidualizing R–module. For a
module M of finite GC -dimension, it is shown that M satisfies the S˜n (i.e. depthRp(Mp) ≥
min{n, depthRp} for all p ∈ SuppR(M)) if and only if Ext
i
R(TrCM,ωR) = 0 for all i, 1 ≤ i ≤ n
(see Theorem 5.2). As a consequence, we can generalize the Schenzel’s result for modules of finite
GC -dimension. For a semidualizing module C and a stable module M over a Cohen-Macaulay
local ring R, it is shown that if GC -dimR(M) <∞ and HomR(M,C) = 0 then M satisfies S˜n if
and only if M is horizontally linked and Him(λM ⊗R C) = 0 for all i, dimR − n < i < dimR.
As an application of our study, we obtain the following result (see also Corollary 5.8 for more
general case).
Theorem 1.2. Let (R,m) be a Cohen-Macaulay local ring, C a semidualizing R–module and
c a GC -Gorenstein ideal of R. Assume that M , N two R/c–modules such that M ∼
c
N . If
GC -dimR(M) <∞, then the following statements hold true.
(a) The following are equivalent:
(i) M is Cohen-Macaulay;
(ii) N is Cohen-Macaulay;
(iii) M satisfies (Sn) for some n > depth(R/c)− depthR/c(N);
(iv) N satisfies (Sn) for some n > depth(R/c) − depthR/c(M).
(b) If dimR/c ≥ 2, then M is generalized Cohen-Macaulay if and only if N is. Moreover, if M
is generalized Cohen-Macaulay, then
Him(M)
∼= ExtiR/c(N,R/c) for all i, 0 < i < d.
In particular, if M is not maximal Cohen-Macaulay then depthR(M) = r. gradeR/c(N).
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2. Preliminaries
Throughout the paper, R is a commutative Noetherian ring and all R–modules M , N , · · ·
are finite (i.e. finitely generated). Whenever, R is assumed local, its unique maximal ideal is
denoted by m.
For a finite presentation P1
f
→ P0 → M → 0 of an R–module M , its transpose, TrM , is
defined as Coker f∗, where (−)∗ := HomR(−, R), which satisfies in the exact sequence
(2.1) 0→M∗ → P ∗0 → P
∗
1 → TrM → 0.
Moreover, TrM is unique up to projective equivalence. Thus all minimal projective presentations
of M represent isomorphic transposes of M . The syzygy of a moduleM , denoted by ΩM , is the
kernel of an epimorphism P
α
→M , where P is a projective R–module, so that it is unique up to
projective equivalence. Thus ΩM is uniquely determined, up to isomorphism, by a projective
cover of M .
Martsinkovsky and Strooker [17] generalized the notion of linkage for modules over non-
commutative semiperfect Noetherian rings (i.e. finitely generated modules over such rings have
projective covers). They introduced the operator λ := ΩTr and showed that ideals a and b are
linked by zero ideal if and only if R/a ∼= λ(R/b) and R/b ∼= λ(R/a)[17, Proposition1].
Definition 2.1. [17, Definition 3] Let R be a semiperfect ring. Two R–modules M and N are
said to be horizontally linked if M ∼= λN and N ∼= λM . Also, M is called horizontally linked
(to λM) if M ∼= λ2M .
Note that a commutative ring R is semiperfect if and only if it is a finite direct product
of commutative local rings [14, Theorem 23.11]. A stable module is a module with no non-
zero projective direct summands. Let R be a semiperfect ring, M a stable R–module and
P1 → P0 → M → 0 a minimal projective presentation of M . Then P
∗
0 → P
∗
1 → TrM → 0
is a minimal projective presentation of TrM [1, Theorem 32.13]. The following induced exact
sequences
(2.1.1) 0 −→M∗ −→ P ∗0 −→ λM −→ 0,
(2.1.2) 0 −→ λM −→ P ∗1 −→ TrM −→ 0,
which will be quoted in this paper.
An R–module M is called a syzygy module if it is embedded in a projective R–module. Let
i be a positive integer, an R–module M is said to be an ith syzygy if there exists an exact
sequence
0→M → Pi−1 → · · · → P0
with the P0, · · · , Pi−1 are projective. By convention, every module is a 0th syzygy.
Here is a characterization of a horizontally linked module.
Theorem 2.2. [17, Theorem 2 and Proposition 3] Let R be a semiperfect ring. An R–module
M is horizontally linked if and only if it is stable and Ext1R(TrM,R) = 0, equivalently M is stable
and a syzygy module.
Definition 2.3. An R–module C is called a semidualizing module, if the homothety morphism
R→ HomR(C,C) is an isomorphism and Ext
i
R(C,C) = 0 for all i > 0.
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Semidualizing modules are initially studied in [6] and [9]. It is clear that R itself is a semid-
ualizing R–module. Over a Cohen-Macaulay local ring R, a canonical module ωR of R is a
semidualizing module with finite injective dimension.
Let C be a semidualizing R–module,M an R–module. Let P1
f
→ P0 →M → 0 be a projective
presentation of M . The transpose of M with respect to C, TrCM , is defined to be Coker f
▽,
where (−)▽ := HomR(−, C), which satisfies the exact sequence
(2.3.1) 0→M▽ → P▽0 → P
▽
1 → TrCM → 0.
By [6, Proposition 3.1], there exists the following exact sequence
(2.3.2) 0→ Ext1R(TrCM,C)→M →M
▽▽ → Ext2R(TrCM,C)→ 0.
The Gorenstein dimension has been extended to GC–dimension by Foxby in [6] and by Golod
in [9].
Definition 2.4. An R–module M is said to have GC–dimension zero if M is C-reflexive, i.e.
the canonical map M →M▽▽ is bijective and ExtiR(M,C) = 0 = Ext
i
R(M
▽, C) for all i > 0.
A GC -resolution of an R–module M is a right acyclic complex of GC -dimension zero modules
whose 0th homology is M . The module M is said to have finite GC -dimension, denoted by
GC -dimR(M), if it has a GC -resolution of finite length.
Note that, over a local ring R, a semidualizing R–module C is a canonical module if and only
if GC -dimR(M) <∞ for all finitely generated R–modules M (see [8, Proposition 1.3]).
In the following, we summarize some basic facts about GC -dimension (see [9] for more details).
Theorem 2.5. For a semidualizing R–module C and an R–module M , the following statements
hold true.
(i) GC -dimR(M) = 0 if and only if Ext
i
R(M,C) = 0 = Ext
i
R(TrCM,C) for all i > 0;
(ii) GC -dimR(M) = 0 if and only if GC -dimR(TrCM) = 0;
(iii) If GC -dimR(M) <∞ then GC -dimR(M) = sup{i | Ext
i
R(M,C) 6= 0, i ≥ 0};
(iv) If R is local and GC -dimR(M) <∞, then GC -dimR(M) = depthR− depthR(M).
Definition 2.6. Let C be a semidualizing R–module. The Auslander class with respect to C,
denoted AC , consists of all R–modules M satisfying the following conditions.
(i) The natural map µ :M −→ HomR(C,M ⊗R C) is an isomorphism;
(ii) TorRi (M,C) = 0 = Ext
i
R(C,M ⊗R C) for all i > 0.
Dually, The Bass class with respect to C, denoted BC , consists of all R–modules M satisfying
(i) The natural evaluation map µ : C ⊗R HomR(C,M) −→M is an isomorphism;
(ii) TorRi (HomR(C,M), C) = 0 = Ext
i
R(C,M) for all i > 0.
In the following we collect some basic properties and examples of modules in the Auslander
class and Bass class with respect to a semidualizing module which will be used in the rest of
this paper.
Example 2.7. (i) If any two R-modules in a short exact sequence are in AC, respectively BC ,
then so is the third one [6, Lemma 1.3]. Hence, every module of finite projective dimension
is in the Auslander class AC . Also the class BC , contains all modules of finite injective
dimension.
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(ii) Over a Cohen-Macaulay local ring R with canonical module ωR, M ∈ AωR if and only if
G-dimR(M) <∞ [7, Theorem 1].
(iii) The IC-injective dimension of M , denoted IC-idR(M), is less than or equal to n if and
only if there is an exact sequence
0→M → HomR(C, I
0)→ · · · → HomR(C, I
n)→ 0,
such that each Ii is an injective R–module [21, Corollary 2.10]. Note that if M has a finite
IC-injective dimension, then M ∈ AC [21, Corollary 2.9].
(iv) Let R be a Cohen-Macaulay local ring with canonical module ωR and let C be a semidual-
izing R–module. It is well-known that C† := HomR(C,ωR) is a semidualizing R–module.
For an R–module M , GC -dimR(M) <∞ if and only if M ∈ AC† [10, Theorem 4.6].
The class of C–injective modules is defined as follows
IC = {HomR(C, I) | I is injective}.
The class IC is preenveloping. Then each R–module has an augmented proper IC-coresolution,
that is, an R-complex:
Y + = 0→M → Y0 → Y1 → · · ·
such that HomR(Y
+,X) is exact for all X ∈ IC . The truncated complex
0→ Y0 → Y1 → · · ·
is a proper IC-coresolution of M .
Definition 2.8. [21] Let C be a semidualizing R–module, and let M and N be R–modules. Let
J be a proper IC-coresolution of N . For each i, set
ExtiIC (M,N) := H−i(HomR(M,J)).
Theorem 2.9. [21, Theorem 4.1 and Corollary 4.2] Let C be a semidualizing R–module, and
let M and N be R–modules. There exists isomorphism
ExtiIC (M,N)
∼= ExtiR(C ⊗R M,C ⊗R N)
for all i ≥ 0. Moreover, if M and N are in AC then Ext
i
IC
(M,N) ∼= ExtiR(M,N) for all i ≥ 0.
The relative reduced grade of a moduleM with respect to a semidualizing C defined as follows
r. gradeIC(M) := inf{i > 0 | Ext
i
IC
(M,R) 6= 0}.
We denote by r. grade(M) the reduced grade of M with respect to R. Note that if M ∈ AC then
r. gradeIC(M) = r. grade(M) by Theorem 2.9.
Definition 2.10. Let M and N be finitely generated R–modules. Denote by β(M,N) the set of
R–homomorphisms of M to N which pass through free modules. That is, an R-homomorphism
f :M → N lies in β(M,N) if and only if it is factored as M → F → N with F free. We denote
HomR(M,N) = HomR(M,N)/β(M,N).
By [23, Lemma 3.9], there is a natural isomorphism
(2.10.1) HomR(M,N)
∼= TorR1 (TrM,N).
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Throughout, C is a semidualizing R–module and we denote (−)▽ as the dual functor (−)▽ :=
HomR(−, C). Two R–modulesM and N are said to be stably equivalent with respect C, denoted
M ≈
C
N , if Cn⊕M ∼= Cm⊕N for some non-negative integers m and n. We write M ≈ N when
M and N are stably equivalent with respect R. For k > 0, set T Ck := TrCΩ
k−1.
Remark 2.11. (i) Let R be a semiperfect ring, M an R–module. Assume that P1
f
→ P0 →
M → 0 is the minimal projective presentation of M . There exists a commutative diagram
P ∗0 ⊗
R
C −−−−→ P ∗1 ⊗
R
C −−−−→ TrM ⊗
R
C −−−−→ 0
y∼=
y∼=
P▽0
f▽
−−−−→ P▽1 −−−−→ TrCM −−−−→ 0
with exact rows. Therefore, TrM ⊗
R
C ∼= TrCM .
(ii) Set λCM := im f
▽. If HomR(M,C) = 0, then Tor
R
1 (TrM,C) = 0 by (2.10.1). Now it is
easy to see that λCM ∼= λM ⊗R C and so we have the following isomorphisms:
ExtiIC (λM,R)
∼= ExtiR(λM ⊗R C,C)
∼= ExtiR(λCM,C)
∼= Exti+1R (TrCM,C),
for all i > 0, where the first isomorphism follows from Theorem 2.9.
(iii) For an R–module M and positive integer n, there are exact sequences
0→ ExtnR(M,C)→ T
C
n M → L→ 0,
0→ L→
m
⊕C → T Cn+1M → 0
In [11], C. Huang and Z. Huang introduced Gorenstein transpose of a module and investigated
the relations between the Gorenstein transpose and the transpose of the same module. In [15],
Liu and Yan extended the notion of Gorenstein transpose to C-Gorenstein transpose as follows.
For a finite GC -projective presentation π : X1
f
→ X0 → M → 0 of an R–module M , its
C-Gorenstein transpose, TrpiGCM , is defined as Coker f
▽, where (−)▽ := HomR(−, C), which
satisfies in the exact sequence
(2.2) 0→M▽ → X▽0 → X
▽
1 → Tr
pi
GC
M → 0.
Lemma 2.12. For an R–module M , there exists the following exact sequence
0→M → TrC(TrCM)→ X → 0,
where GC -dimR(X) = 0.
Proof. Let P1 → P0 → M → 0 be a projective presentation of M . By applying the functor
(−)▽ = HomR(−, C), on the projective presentation of M , we obtain a GC -projective presenta-
tion of TrCM , π : (P0)
▽ → (P1)
▽ → TrCM → 0. By applying the functor (−)
▽, on π we obtain
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the following commutative diagram:
P1 −−−−→ P0 −−−−→ M −−−−→ 0y∼=
y∼=
P▽▽1 −−−−→ P
▽▽
0 −−−−→ Tr
pi
GC
(TrCM) −−−−→ 0
with exact rows. Therefore, M ∼= TrpiGC (TrCM). Now the assertion is clear by [15, Proposition
4.2]. 
Let M be an R–module. For a generating set {f1, f2, . . . , fn} of M
▽ = HomR(M,C), denote
f : M → Cn as the map (f1, . . . , fn). It follows from (2.3.2) that f is injective if and only if
Ext1R(TrCM,C) = 0. Note that when f is injection, then there is an exact sequence
0→M
f
→ Cn → N → 0,
where N = Coker(f). It is easy to see that, in this situations, the above exact sequence is dual
exact with respect to (−)▽ and so Ext1R(N,C) = 0. Such an exact sequence is called a universal
pushforward of M with respect to C.
Definition 2.13. [16] An R–module M is said to satisfy the property S˜k if depthRp(Mp) ≥
min{k, depthRp} for all p ∈ SpecR.
Note that, for a horizontally linked module M over a Cohen-Macaulay local ring R, the
properties S˜k and (Sk) are identical.
For a positive integer n, a module M is called an nth C-syzygy module if there is an exact
sequence 0→M → C1 → C2 → . . .→ Cn, where Ci ∼= ⊕
miC for some mi.
Let X be a subset of SpecR. An R–module M is said to be of finite GC–dimension on X, if
GCp -dimRp(Mp) <∞ for all p ∈ X. We denote X
n(R) := {p ∈ Spec(R) | depthRp ≤ n}.
Recall that an R–module M is n-torsion free if ExtiR(TrM,R) = 0 for all i, 1 ≤ i ≤ n. In
[2, Theorem 4.25], Auslander and Bridger proved that an R–module M of finite Gorenstein
dimension is n-torsion free if and only if M satisfies S˜n (See also [16, Theorem 42]). In [5,
Proposition 2.4], Dibaei and Sadeghi generalized this result as follows.
Theorem 2.14. Let M be an R–module. For a positive integer n, consider the following state-
ments.
(i) ExtiR(TrCM,C) = 0 for all i, 1 ≤ i ≤ n.
(ii) M is an nth C-syszygy module.
(iii) M satisfies S˜n.
Then the following implications hold true.
(a) (i)⇒(ii)⇒(iii).
(b) If M has finite GC–dimension on X
n−1(R), then (iii)⇒(i).
Remark 2.15. (i) By [19, Theorem 10.62], there is a third quadrant spectral sequence
Ep,q2 = Ext
p
R(Tor
R
q (TrM,C), C)⇒ Ext
p+q
R (TrM,R).
Hence we obtain the following exact sequence
0→ Ext1R(TrM ⊗R C,C)→ Ext
1
R(TrM,R),
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by [19, Theorem 10.33]. If M is horizontally linked, then Ext1R(TrM,R) = 0. Therefore
Ext1R(TrCM,C)
∼= Ext1R(TrM ⊗R C,C) = 0.
(ii) If TrM ∈ AC then Tor
R
i (TrM,C) = 0 for all i > 0. Hence E
p,q
2 = 0 for all q > 0. Therefore,
the spectral sequence collapses on p-axis and so
ExtiR(TrCM,C)
∼= ExtiR(TrM ⊗R C,C)
∼= ExtiR(TrM,R),
for all i ≥ 0.
Lemma 2.16. [5, Lemma 2.11] Let R be a local ring, n ≥ 0 an integer, and M an R–module.
If M ∈ AC, then the following statements hold true.
(i) depthR(M) = depthR(M ⊗R C) and dimR(M) = dimR(M ⊗R C);
(ii) M satisfies (Sn) if and only if M ⊗R C does;
(iii) M is Cohen-Macaulay if and only if M ⊗R C is Cohen-Macaulay.
3. Linkage of modules and relative cohomology
In this section, for a horizontally linked R–module M , the connections of its invariants GC -
dimension, depth and relative reduced grade with respect to a semidualizing module are studied.
In the following, we investigate the relation between the Serre condition S˜n on a horizontally
linked module with the vanishing of certain relative cohomology modules of its linked module.
Proposition 3.1. Let R be a semiperfect ring, M a horizontally linked R–module and
HomR(M,C) = 0. The following statements hold true:
(i) GC -dimR(M) = 0 if and only if Ext
i
R(M,C) = 0 = Ext
i
IC
(λM,R) for all i > 0;
(ii) If GCp -dimRp(Mp) < ∞ for all p ∈ X
n−1(R), then M satisfies S˜n if and only if
ExtiIC (λM,R) = 0 for all i, 0 < i < n.
Proof. As M is horizontally linked, Ext1R(TrCM,C) = 0 by Remark 2.15(i). We have the follow-
ing isomorphism:
(3.1.1) ExtiIC (λM,R)
∼= Exti+1R (TrCM,C),
for all i > 0 by Remark 2.11(ii).
(i) By Theorem 2.5(i), GC -dimR(M) = 0 if and only if Ext
i
R(M,C) = 0 = Ext
i
R(TrCM,C) for
all i > 0 and this is equivalent to say that ExtiR(M,C) = 0 = Ext
i
IC
(λM,R) for all i > 0 by
(3.1.1).
(ii) By Theorem 2.14, M satisfies S˜n if and only if Ext
i
R(TrCM,C) = 0 for all i, 1 ≤ i ≤ n
and this is equivalent to say that ExtiIC (λM,R) = 0 for all i, 0 < i < n by (3.1.1). 
Corollary 3.2. Let R be a local ring and M a horizontally linked R–module of finite GC -
dimension. If HomR(M,C) = 0, then GC -dimR(M) = 0 if and only if Ext
i
IC
(λM,R) = 0 for all
i, 1 ≤ i ≤ depth(R).
Proof. This is an immediate consequence of Proposition 3.1 and Theorem 2.5(iv). 
Corollary 3.3. Let R be a Cohen-Macaulay local ring with canonical module ωR and M a
horizontally linked R–module. If HomR(M,ωR) = 0, then M is maximal Cohen-Macaulay if and
only if ExtiIωR
(λM,R) = 0 for all i, 1 ≤ i ≤ dim(R).
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In the following, for a horizontally linked module M of finite and positive GC -dimension, we
express the associated primes of the Ext
r.gradeIC
(λM)
IC
(λM,R) in terms of M .
Lemma 3.4. Let R be a semiperfect ring and let M be a horizontally linked module of finite
and positive GC -dimension. Set n = r. gradeIC(λM). If HomR(M,C) = 0 then
AssR(Ext
n
IC
(λM,R)) = {p ∈ Spec(R) | GCp -dimRp(Mp) 6= 0, depthRp(Mp) = n = r. gradeICp ((λM)p)}.
Proof. As M is horizontally linked, Ext1R(TrCM,C) = 0 by Remark 2.15(i). We have the follow-
ing isomorphism:
(3.4.1) ExtiIC (λM,R)
∼= Exti+1R (TrCM,C),
for all i > 0 by Remark 2.11(ii). Set N = TrCM . Let · · · → Pi → · · · → P0 → N → 0 be the
minimal projective resolution of N . As n = r. gradeIC(λM), Ext
i
R(N,C) = 0 for all i, 1 ≤ i ≤ n
by (3.4.1). Hence by applying functor (−)▽ = HomR(−, C) on the minimal projective resolution
of N , we obtain the following exact sequences:
(3.4.2) 0→ TrCN → (P2)
▽ → · · · → (Pn+1)
▽ → T Cn+1N → 0,
(3.4.3) 0→ Extn+1R (N,C)→ T
C
n+1N → L→ 0,
(3.4.4) 0→ L→
m
⊕C → T Cn+2N → 0.
Assume that p ∈ AssR(Ext
n
IC
(λM,C)). It is clear that n = r. gradeICp ((λM)p). By (3.4.1),
p ∈ AssR(Ext
n+1
R (N,C)). It follows from the exact sequence (3.4.3) that depthRp(T
C
n+1N)p = 0.
If GCp -dimRp(Mp) = 0, then Ext
i
Rp(Np, Cp) = 0 for all i > 0 by Theorem 2.5(i) which is a
contradiction. Hence GCp -dimRp(Mp) 6= 0. By Proposition 3.1, M satisfies S˜n and so depthRp >
n. Note that depthRp(((Pi)
▽)p) = depthRp(Cp) = depthRp for all i. By localizing the exact
sequence (3.4.2) at p, we conclude that depthRp((TrCN)p) = n. By Lemma 2.12, we have the
following exact sequence
(3.4.5) 0→M → TrCN → X → 0,
where GC -dimR(X) = 0. By localizing the exact sequence (3.4.5) at p, we conclude that
depthRp(Mp) = n.
Now assume that p ∈ SpecR such that GCp -dimRp(Mp) 6= 0 and depthR(Mp) = n =
r. gradeICp ((λM)p). It follows from Theorem 2.5(iv) that depthRp > n. By localizing the exact
sequence (3.4.5) at p, we conclude that depthRp((TrCN)p) = n. By localizing the exact sequence
(3.4.2) at p, it is easy to see that depthRp((T
C
n+1N)p) = 0. As depthRp(Cp) = depthRp > 0,
we conclude from the exact sequence (3.4.4) that depthRp(Lp) > 0. It follows from the exact
sequence (3.4.3) that depthRp(Ext
n+1
R (N,C)p) = 0. In other words, p ∈ AssR(Ext
n+1
R (N,C)) =
AssR(Ext
n
IC
(λM,C)). 
Proposition 3.5. Let R be a semiperfect ring and let M be a horizontally linked R–module of
finite GC -dimension. If HomR(M,C) = 0, then
r. gradeIC(λM) = inf{depthRp(Mp) | p ∈ Spec(R),GCp -dimRp(Mp) 6= 0}.
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Proof. By Proposition 3.1(i), we may assume that GC -dimR(M) > 0. Set n = r. gradeIC(λM).
By Proposition 3.1(ii), M satisfies S˜n. Hence,
(3.5.1) depthRp(Mp) ≥ min{depthRp, n}
for all p ∈ SpecR. Now let p ∈ SpecR with GCp -dimRp(Mp) 6= 0. It follows from (3.5.1)
and Theorem 2.5(iv) that depthRp > n. Therefore, we have n ≤ inf{depthRp(Mp) | p ∈
SpecR,G-dimRp(Mp) 6= 0}.
On the other hand, by the Lemma 3.4, if p ∈ AssR(Ext
n
IC
(λM,R)) then GCp -dimRp(Mp) 6= 0
and depthRp(Mp) = n and so the assertion holds. 
The reduced grade of a module M with respect to a semidualizing C defined as follows
r. grade(M,C) := inf{i > 0 | ExtiR(M,C) 6= 0}.
If ExtiR(M,C) = 0 for all i > 0, then r. grade(M,C) = +∞. Note that if M has a finite and
positive GC -dimension, then r. grade(M,C) ≤ GC -dimR(M) by Theorem 2.5(iii). For a subset
X of SpecR, we say that M is of GC -dimension zero on X, if GCp -dimRp(Mp) = 0 for all p in X.
The following result is a generalization of [5, Proposition 4.14]
Proposition 3.6. Let R be a semiperfect ring and let M be a horizontally linked R–module
of finite and positive GC -dimension such that HomR(M,C) = 0. Set n = r. grade(M,C) +
r. gradeIC(λM). Then M is of GC -dimension zero on X
n−1(R).
Proof. Set m = r. gradeIC(λM). Assume contrarily that GCp -dimRp(Mp) 6= 0 for some p ∈
Xn−1(R). By Proposition 3.1(ii), M satisfies S˜m. Hence,
(3.6.1) depthRp(Mp) ≥ min{depthRp,m}
for all p ∈ SpecR. If depthRp ≤ m, then GCp -dimRp(Mp) = depthRp − depthRp(Mp) = 0 by
(3.6.1), which is a contradiction. If depthRp > m, then depthRp(Mp) ≥ m by (3.6.1). Therefore,
n−m ≤ r. grade(Mp, Cp) ≤ GCp -dimRp(Mp) = depthRp − depthRp(Mp) ≤ n−m− 1,
which is a contradiction. 
For an R–module M , set
NGC(M) = {p ∈ Spec(R) | GCp -dimRp(Mp) 6= 0}.
The following result is a generalization of [4, Theorem 2.7].
Proposition 3.7. Let R be a local ring, M a horizontally linked R–module with 0 <
GC -dimR(M) <∞. If HomR(M,C) = 0 then the following conditions are equivalent.
(i) depthR(M) = r. gradeIC(λM);
(ii) m ∈ AssR(Ext
r.gradeIC
(λM)
IC
(λM,R));
(iii) depthR(M) ≤ depthRp(Mp), for each p ∈ NGC(M).
Proof. Set t = r. gradeIC (λM). By Proposition 3.1(ii), M satisfies S˜t. Hence,
(3.7.1) depthRp(Mp) ≥ min{t, depthRp}
for all p ∈ SpecR. Therefore t < depthRp for all p ∈ NGC(M).
(i)⇒ (ii). This follows from Lemma 3.4.
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(ii)⇒ (iii). Let p ∈ NGC(M). By Lemma 3.4 and (3.7.1),
depthR(M) = r. gradeIC (λM) ≤ depthRp(Mp).
(iii) ⇒ (i). By (3.7.1), depthR(M) ≥ t. On the other hand, if p ∈ AssR(Ext
t
IC
(λM,R)) then
p ∈ NGC(M), depthRp(Mp) = t by Lemma 3.4. Hence depthR(M) ≤ t. 
Theorem 3.8. Let (R,m) be a local ring of depth d ≥ 2 and let M be a horizontally linked
R–module such that HomR(M,C) = 0. The following statements hold true.
(i) If GCp -dimRp(Mp) = 0 for all p ∈ Spec(R)− {m} then ℓ(Ext
i
IC
(λM,R)) <∞ for all i > 0.
The converse is true if GC -dimR(M) <∞;
(ii) If GCp -dimRp(Mp) = 0 for all p ∈ Spec(R)− {m}, then
ExtiIC (λM,R)
∼= Him(M)
for all i, 0 < i < d. In particular, if 0 < GC -dimR(M) < ∞ then r. gradeIC(λM) =
depthR(M).
Proof. As M is horizontally linked, Ext1R(TrCM,C) = 0 by Remark 2.15(i). We have the follow-
ing isomorphism:
(3.8.1) ExtiIC (λM,R)
∼= Exti+1R (TrCM,C),
for all i > 0 by Remark 2.11(ii).
(i). If GCp -dimRp(Mp) = 0 for all p ∈ Spec(R) − {m}, then Ext
i
R(TrCM,C)p = 0 for all i > 0
and all p ∈ Spec(R)−{m} by Theorem 2.5(i). It follows from (3.8.1) that ℓR(Ext
i
IC
(λM,R)) <∞
for all i > 0. On the other hand, if ℓR(Ext
i
IC
(λM,R)) <∞ for all i > 0 then ExtiR(TrCM,C)p = 0
for all i > 0 and all p ∈ Spec(R) − {m} by using (3.8.1) again. By Theorem 2.14, Mp satisfies
S˜n for all n and all p ∈ Spec(R) − {m}. Hence, if GC -dimR(M) < ∞ then GCp -dimRp(Mp) =
depthRp − depthRp(Mp) = 0 for all p ∈ Spec(R)− {m} by Theorem 2.5(iv).
(ii). Set N = TrCM . By Remark 2.11(iii), we have the following exact sequences:
(3.8.2) 0→ ExtiR(N,C)→ T
C
i N → Li → 0,
(3.8.3) 0→ Li →
ni
⊕C → T Ci+1N → 0,
for all i > 0. By part (i) and (3.8.1), ExtiR(N,C) is of finite length for all i > 0. By applying
the functor Γm(−) on the exact sequences (3.8.2) and (3.8.3), we get
(3.8.4) Hjm(T
C
i−1N)
∼= Hjm(Li−1) for all i and j,with 1 ≤ j < d, i ≥ 2,
(3.8.5) ExtiR(N,C) = Γm(Ext
i
R(N,C))
∼= Γm(T
C
i N) for all i ≥ 2,
and also
(3.8.6) Hjm(T
C
i N)
∼= Hj+1m (Li−1) for all i and j, 0 ≤ j < d− 1, i ≥ 2.
By Lemma 2.12, we have the following exact sequence
0→M → T C1 N → X → 0,
where GC -dimR(X) = 0. By applying the functor Γm(−) on the above exact sequence, we get
the following isomorphism
(3.8.7) Hjm(T
C
1 N)
∼= Hjm(M) for all j, 0 ≤ j < d.
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Now by using (3.8.1), (3.8.4), (3.8.5), (3.8.6) and (3.8.7) we obtain the result. 
As an immediate consequence, we have the following results.
Corollary 3.9. Let (R,m) be a Cohen-Macaulay local ring of dimension d ≥ 2 with canonical
module ωR and let M be a horizontally linked R–module such that HomR(M,ωR) = 0. The
following statements hold true.
(1) M is generalized Cohen-Macaulay if and only if ℓ(ExtiIω(λM,R)) <∞ for all i > 0;
(2) If M is generalized Cohen-Macaulay, then
ExtiIω(λM,R)
∼= Him(M)
for all i, 0 < i < d.
Proof. By [22, Lemma 1.2 , Lemma 1.4], M is generalized Cohen-Macaulay module if and only
if Mp is a maximal Cohen-Macaulay module Rp–module for all p ∈ Spec(R) − {m}. Now the
assertion is clear by Theorem 3.8. 
Corollary 3.10. Let (R,m) be a local ring of depth d ≥ 2 and let M be a stable R–module.
Assume that GCp -dimRp(Mp) = 0 for all p ∈ Spec(R) − {m} and that λM ∈ AC , then the
following statements hold true.
(i) M is horizontally linked if and only if Γm(M) = 0.
(ii) If M is horizontally linked, then ExtiR(λM,R)
∼= Him(M) for all i, 0 < i < d. In particular,
if 0 < GC -dimR(M) <∞ then r. grade(λM) = depthR(M).
Proof. (i) As M is locally GC -dimension zero on the punctured spectrum, it follows from Theo-
rem 2.5(i) that SuppR(Ext
1
R(TrCM,C)) j {m}. From the exact sequence (2.3.2), we obtain the
following exact sequences:
(3.10.1) 0→ Ext1R(TrCM,C)→M → L→ 0,
(3.10.2) 0→ L→ ⊕C
As depthR(C) = d ≥ 2, it follows from the exact sequence (3.10.2) that Γm(L) = 0. By applying
the functor Γm(−) on the exact sequence (3.10.1), we get
(3.10.3) Ext1R(TrCM,C)
∼= Γm(Ext
1
R(TrCM,C))
∼= Γm(M)
Now the assertion is clear by (3.10.3), Theorem 2.2 and Remark 2.15(ii).
(ii). By Example 2.7(i), TrM ∈ AC and so HomR(M,C) = 0 by (2.10.1). Now the assertion
is clear by Theorem 3.8 and Theorem 2.9. 
The following lemma will be useful for the rest of the paper.
Lemma 3.11. Let R be a semiperfect ring and M a horizontally linked R–module. If idRp(Cp) <
∞ for p ∈ X0, then the following are equivalent:
(i) HomR(M,C) = 0;
(ii) λM ⊗R C satisfies S˜1.
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Proof. Consider the exact sequence 0→ λM → F → TrM → 0. By applying the functor −⊗RC
on the above exact sequence we obtain the following exact sequence:
(3.11.1) 0→ TorR1 (TrM,C)→ λM ⊗R C → F ⊗R C → TrM ⊗R C → 0.
(i)⇒(ii) By (2.10.1), TorR1 (TrM,C) = 0 and so λM ⊗R C is a first C-syzygy module by the
exact sequence (3.11.1.). Hence λM ⊗R C satisfies S˜1 by Theorem 2.14.
(ii)⇒(i) Assume, contrarily, that TorR1 (TrM,C)
∼= HomR(M,C) 6= 0 and that p ∈
AssR(Tor
R
1 (TrM,C)). By the exact sequence (3.11.1), depthRp((λM ⊗R C)p) = 0. As λM ⊗R C
satisfies S˜1, p ∈ X
0. By [2, Theorem 2.8], there exists the following exact sequence:
(3.11.2) 0→ Ext1R(T2(TrM), C)→ Tor
R
1 (TrM,C)→ HomR(Ext
1
R(TrM,R), C).
As M is horizontally linked, Ext1R(TrM,R) = 0 by Theorem 2.2. As p ∈ X
0, Cp is in-
jective. By localizing the exact sequence (3.11.2) at p, we conclude that TorR1 (TrM,C)p
∼=
Ext1R(T2(TrM), C)p = 0 which is a contradiction. 
Theorem 3.12. Let R be a semiperfect ring and let I , J be ideals of R which are linked by zero
ideal. Assume that idRp(Cp) < ∞ for all p ∈ X
0(R) and that CJC satisfies S˜1. The following
statements hold true:
(i) GC -dimR(R/I) = 0 if and only if Ext
i
R(R/I,C) = 0 = Ext
i
IC
(R/J,R) for all i > 0.
(ii) If GC -dimR(R/I) < ∞ then R/I satisfies S˜n if and only if Ext
i
IC
(R/J,R) = 0 for all i,
0 < i < n.
(iii) If (R,m) is a local ring of depth d ≥ 2 and GCp -dimRp((R/I)p) = 0 for all p ∈ Spec(R)−{m},
then
ExtiIC (R/J,R)
∼= Him(R/I)
for all i, 0 < i < d.
Proof. This is an immediate consequence of Lemma 3.11, Proposition 3.1 and Theorem 3.8. 
Let R be a Cohen-Macaulay local ring with canonical module ωR. If R is generically Goren-
stein, then ωR can be identified with an ideal of R. For any such identification ωR is an ideal of
height one or equals R (see [3, Proposition 3.3.18]).
Corollary 3.13. Let R be a Cohen-Macaulay local ring of dimension d with canonical module
ωR. Assume that the ideals I and J are linked by zero ideal such that JωR = J ∩ ωR. If R is
generically Gorenstein, then the following statements hold true:
(i) R/I is Cohen-Macaulay if and only if ExtiIωR
(R/J,R) = 0 for all i, 1 ≤ i ≤ d.
(ii) R/I satisfies S˜n if and only if Ext
i
IωR
(R/J,R) = 0 for all i, 0 < i < n.
(iii) If d ≥ 2 and R/I is generalized Cohen-Macaulay, then
ExtiIωR
(R/J,R) ∼= Him(R/I)
for all i, 0 < i < d.
Proof. If R is Gorenstein, then the assertion follows from [20, Theorem 4.1] and [20, Corollary
3.3]. Now assume that R is not Gorenstein. As R is generically Gorenstein and it is not
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Gorenstein, ωR can be identified with an ideal of height one. The exact sequence 0 → ωR →
R→ R/ωR → 0 implies the exact sequence
0→ TorR1 (R/J,R/ωR)→ R/J ⊗
R
ωR → R/J → R/J ⊗
R
R/ωR → 0.
As TorR1 (R/J,R/ωR)
∼= J∩ωRJωR = 0, we obtain the following exact sequence
(3.13.1) 0→ R/J ⊗
R
ωR → R/J → R/J ⊗
R
R/ωR → 0.
As J is linked by I, R/J is a first syzygy module. It follows from the exact sequence (3.13.1)
that R/J ⊗
R
ωR satisfies S˜1 and so the assertion is clear by Theorem 3.12. 
Recall that, for an R–module M we always have gradeR(M) ≤ GC -dimR(M). The module
M is called GC -perfect if gradeR(M) = GC -dimR(M). An R–module M is called GC -Gorenstein
if it is GC -perfect and Ext
n
R(M,C) is cyclic, where n = GC -dimR(M). An ideal I is called GC -
perfect(resp.GC -Gorenstein) if R/I is GC -perfect(resp.GC -Gorenstein) as R–module. Note that
if I is a GC -Gorenstein ideal of GC -dimension n, then Ext
n
R(R/I,C)
∼= R/I (see [9, 10]).
We frequently use the following results of Golod.
Lemma 3.14. [9, Corollary] Let R be a local ring and I an ideal of R. Assume that K is
an R–module and that n is a fixed integer. If ExtjR(R/I,K) = 0 for all j 6= n then there is
an isomorphism of functors ExtiR/I(−,Ext
n
R(R/I,K))
∼= Extn+iR (−,K) on the category of R/I–
modules for all i ≥ 0.
Theorem 3.15. [9, Proposition 5] Let R be a local ring, I a GC -perfect ideal. Set K =
Ext
grade(I)
R (R/I,C). Then the following statements hold true.
(i) K is a semidualizing R/I–module.
(ii) If M is a R/I–module, then GC -dimR(M) <∞ if and only if GK -dimR/I(M) <∞, and
if these dimensions are finite then GC -dimR(M) = grade(I) + GK -dimR/I(M).
An R–moduleM is said to be linked to an R–module N , by an ideal c of R, if c ⊆ annR(M)∩
annR(N) and M and N are horizontally linked as R/c–modules. In this situation we denote
M ∼
c
N [17, Definition 4]. The following is a generalization of [4, Lemma 5.8].
Lemma 3.16. Let R be a semiperfect ring, a a GC -perfect ideal of R. For a horizontally linked
R/a–module M , gradeR(M) = grade(a).
Proof. Set n = grade(a) and K = ExtnR(R/a, C). As a ⊆ annR(M), gradeR(M) ≥ n. By Lemma
3.14, ExtnR(M,C)
∼= HomR/a(M,K). If HomR/a(M,K) = 0, then there exists an K–regular
element x in annR/a(M) by [3, Proposition 1.2.3]. By Theorem 3.15, K is a semidualizing
R/a–module and so AssR/a(K) = AssR/a(R/a). Hence, x is also an R/a-regular element and so
HomR/a(M,R/a) = 0 by [3, Proposition 1.2.3]. It follows from the exact sequence (2.1.1) that
λR/aM is free R/a–module, which is a contradiction. Therefore, Ext
n
R(M,C) 6= 0. As C is a
semidualizing R–module, every R-regular sequence is also C-regular sequence. Therefore, by [3,
Proposition 1.2.10], we have
gradeR(M) = grade(annR(M), R)
≤ grade(annR(M), C)
= inf{i ≥ 0 | ExtiR(M,C) 6= 0}
≤ n.
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
Theorem 3.17. Let (R,m) be a local ring, a a GC -perfect ideal of R and M , N two R/a–
modules. Set K = Ext
grade(a)
R (R/a, C). Assume that M ∼a
N and that HomR/a(M,K) = 0. The
following statements hold true.
(i) M is GC -perfect if and only if Ext
i
IK
(N,R/a) = 0 = ExtiR/a(N,K) for all i ≥ 1;
(ii) If GC -dimR(M) < ∞, then M satisfies S˜n if and only if Ext
i
IK
(N,R/a) = 0 for all i,
0 < i < n;
(iii) If depthR/a ≥ 2 and Mp is GCp-perfect for all p ∈ Spec(R)− {m}, then
ExtiIK (N,R/a)
∼= Him(M) for all i, 0 < i < depthR/a.
In particular, if 0 < GK -dimR/a(M) <∞ then r. gradeIK (N) = depthR(M).
Proof. By Theorem 3.15, K is a semidualizing R/a-module and GK -dimR/a(M) <∞ if and only
if GC -dimR(M) <∞. Note that M is GC -perfect R–module if and only if GK -dimR/a(M) = 0 by
Lemma 3.16 and Theorem 3.15(ii). Now the assertion is clear by Proposition 3.1 and Theorem
3.8. 
We are now ready to prove Theorem 1.1, which is stated in the introduction.
Proof of Theorem 1.1. This is clear by Lemma 3.11 and Theorem 3.17. 
4. Auslander class
In this section, we study the theory of linkage for modules in the Auslander class. For two
R–modules M and N , there exists the following exact sequence
(4.1) 0 −→ Ext1R(TrM,N) −→M ⊗
R
N
eN
M−→ HomR(M
∗, N) −→ Ext2R(TrM,N) −→ 0,
where eNM : M ⊗
R
N → HomR(M
∗, N) is the evaluation map [2, Proposition 2.6].
Theorem 4.1. Let M be an R–module. Assume that M ∈ AC and that n is a positive integer.
Consider the following statements.
(i) ExtiR(TrM,C) = 0 for all i, 1 ≤ i ≤ n;
(ii) ExtiR(TrM,R) = 0 for all i, 1 ≤ i ≤ n;
(iii) M is an n-th syzygy R–module.
Then we have the following
(a) (i)⇔ (ii) ⇒ (iii);
(b) If G-dimRp(Mp) <∞ for all p ∈ X
n−2(R)(e.g. idRp(Cp) <∞ for all p ∈ X
n−2(R)), then all
the statements (i)-(iii) are equivalent.
Proof. (a).(i)⇒(ii) We argue by induction on n. Let Ext1R(TrM,C) = 0. By the exact sequence
(4.1), we get the following exact sequence
0→M ⊗R C →
m
⊕C.
By applying the functor HomR(C,−) on the above exact sequence, we get the following exact
sequence, 0→ HomR(C,M ⊗R C)→ HomR(C,
m
⊕C). As M ∈ AC , M ∼= HomR(C,M ⊗R C) and
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so M is a first syzygy R–module. Now let n > 1. By induction hypothesis ExtiR(TrM,R) = 0
for all i, 1 ≤ i ≤ n− 1. Consider the following universal pushforward of M ,
0→M → F → N → 0,
where F is free and Ext1R(N,R) = 0. By [2, Lemma 3.9], we obtain the following exact sequence
0→ TrN → P → TrM → 0,
where P is a projective R–module. Therefore, ExtiR(TrN,C) = Ext
i+1
R (TrM,C) = 0 for all i,
1 ≤ i ≤ n − 1. By induction hypothesis ExtiR(TrN,R) = 0 for all i, 1 ≤ i ≤ n − 1 and so
ExtiR(TrM,R) = 0 for all i, 1 ≤ i ≤ n.
(ii)⇒(i). This follows from [5, Theorem 2.12].
(ii)⇒(iii). This follows from [16, Proposition 11].
(b) Follows from [16, Theorem 43]. 
Corollary 4.2. Let R be a semiperfect ring, M a stable R–module. Assume that M ∈ AC and
that n is a positive integer. If G-dimRp(Mp) <∞ for all p ∈ X
n−2(R)(e.g. idRp(Cp) <∞ for all
p ∈ Xn−2(R)), then the following are equivalent.
(i) M is an n-th syzygy module;
(ii) M is horizontally linked and ExtiR(λM,C) = 0 for all i, 0 < i < n.
Proof. This is clear by Theorem 4.1 and Theorem 2.2. 
Note that every module of finite projective dimension is in the Auslander class with respect
to C. As a consequence we have the following result.
Corollary 4.3. Let R be a semiperfect ring, M a stable R–module of finite projective dimension
and n a positive integer. The following are equivalent:
(i) M satisfies S˜n;
(ii) M is an n-th syzygy module;
(iii) M is horizontally linked and ExtiR(λM,C) = 0 for all i, 0 < i < n and some semidualizing
module C.
Proof. This is clear by Theorem 4.1, Theorem 2.2 and [5, Theorem 2.12]. 
Let R be a Cohen-Macaulay local ring with canonical module ωR. It is well-known that
HomR(C,ωR) is a semidualizing R–module.
Corollary 4.4. Let R be a Cohen-Macaulay local ring with canonical module ωR, M a stable
R–module. Set K := HomR(C,ωR). If GC -dimR(M) <∞ and idRp(Kp) <∞ for all p ∈ X
n−1,
then the following are equivalent.
(i) M satisfies S˜n;
(ii) M is an n-th syzygy module;
(iii) M is horizontally linked and ExtiR(λM,K) = 0 for all i, 0 < i < n.
Proof. This is an immediate consequence of Corollary 4.2, Example 2.7(iv) and [5, Corollary
2.14]. 
Theorem 4.5. Let R be a semiperfect ring, M a horizontally linked R–module of finite GC -
dimension and λM ∈ AC (e.g. IC-idR(λM) <∞). Then the following are equivalent:
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(i) G-dimR(M) = 0;
(ii) G-dimR(λM) = 0;
(iii) λM satisfies S˜n for some n > depthR− depthR(M);
(iv) GC -dimR(M) = 0.
Proof. The equivalence of (i) and (ii) follows from [17, Theorem 1].
(ii)⇒(iii). This is clear by Theorem 2.5.
(iii)⇒(iv). By [5, Theorem 4.6], r. grade(M,C) ≥ n. Now assume contrarily that
GC -dimR(M) > 0. Hence we obtain the following inequality from Theorem 2.5:
n ≤ r. grade(M,C) ≤ GC -dimR(M) = depthR− depthR(M),
which is a contradiction.
(iv)⇒(i). By Example 2.7(i), TrM ∈ AC and so Ext
i
R(TrM,R)
∼= ExtiR(TrCM,C) = 0 for all
i > 0 by Remark 2.15(ii) and Theorem 2.5(i). As GC -dimR(M) = 0, Ext
i
R(M,C) = 0 for all
i > 0 by Theorem 2.5. It follows from Theorem 4.1 that ExtiR(M,R) = 0 for all i > 0. Hence
G-dimR(M) = 0. 
Corollary 4.6. Let R be a local ring, c a GC -perfect ideal of R and M , N two R/c–modules.
Set K = Ext
grade(c)
R (R/c, C). Assume that M ∼c
N and that N ∈ AK . If GC -dimR(M) < ∞,
then the following statements hold true.
(i) G-dimR/c(M) = 0;
(ii) G-dimR/c(N) = 0;
(iii) N satisfies S˜n for some n > depthR/c− depthR/c(M);
(iv) M is GC -perfect R–module.
Proof. By Theorem 3.15, K is a semidualizing R/a-module and GK -dimR/a(M) <∞. Note that
M is GC -perfect R–module if and only if GK -dimR/a(M) = 0 by Lemma 3.16 and Theorem
3.15(ii). Now the assertion is clear by Theorem 4.5. 
5. Serre condition and vanishing of local cohomology
In this section we study the connection of the Serre condition (Sn) on a horizontally linked
R–module of finite GC -dimension with the vanishing of the local cohomology groups of its linked
module. First we bring the following Lemma which is a generalization of [2, Proposition 2.6].
Lemma 5.1. Let M and N be R–modules. If N ∈ BC , then there is a natural exact sequence
0→ Ext1R(TrCM,N)→M ⊗R HomR(C,N)→ HomR(M
▽, N)→ Ext2R(TrCM,N)→ 0.
Proof. Let P1
g
→ P0
f
→M → 0 be a projective presentation of M . By applying the functor (−)▽
on the projective presentation of M , we obtain the following exact sequences:
(5.1.1) 0 −→M▽
f▽
−→ (P0)
▽ α1−→ L −→ 0,
(5.1.2) 0 −→ L
α2−→ (P1)
▽ −→ TrCM −→ 0,
where L = Coker(f▽) and α2 ◦ α1 = g
▽. As N ∈ BC , Ext
i
R(C,N) = 0 for all i > 0. By
applying the functor (−)† := HomR(−, N) on the exact sequences (5.1.1) and (5.1.2), we obtain
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the following exact sequences:
(5.1.3) 0→ HomR(L,N)
α1†→ HomR((P0)
▽, N)
f▽†
→ HomR(M
▽, N)→ Ext1R(L,N)→ 0
(5.1.4) 0→ HomR(TrCM,N)→ HomR((P1)
▽, N)
α2†→ HomR(L,N)→ Ext
1
R(TrCM,N)→ 0
Note that the homomorphism evaluation θi : Pi ⊗R HomR(C,N) → HomR((Pi)
▽, N) is an
isomorphism for i = 0, 1. Consider the following commutative diagram with exact rows:
P1 ⊗R HomR(C,N)
ϕ
−−−−→ P0 ⊗R HomR(C,N)
ψ
−−−−→ M ⊗R HomR(C,N)→ 0yβ
yθ0
yθ
0→ HomR(L,N)
(α1)†
−−−−→ HomR((P0)
▽, N)
f▽†
−−−−→ HomR((M)
▽, N)
where β = α2
† ◦ θ1. By the exact sequence (5.1.4), Coker(β) = Coker(α2
†) ∼= Ext1R(TrCM,N).
Now the Snake Lemma implies that ker(θ) ∼= Coker(β) ∼= Ext1R(TrCM,N).
Since ψ is surjective and θ0 is an isomorphism, we get im(f
▽†) = im(θ) and so Coker(θ) =
Coker(f▽†) ∼= Ext1R(L,N) by the exact sequence (5.1.3). By applying the functor HomR(−, N)
on the exact sequence (5.1.2), we obtain the isomorphism Ext1R(L,N)
∼= Ext2R(TrCM,N). 
Theorem 5.2. Let R be a Cohen-Macaulay local ring with canonical module ωR. For an R–
module M of finite GC -dimension, the following are equivalent:
(i) M satisfies S˜n;
(ii) M is an nth ωR-syzygy module;
(iii) M is an nth C-syzygy module;
(iv) ExtiR(TrCM,ωR) = 0 for all i, 1 ≤ i ≤ n;
(v) ExtiR(TrCM,C) = 0 for all i, 1 ≤ i ≤ n;
(vi) ExtiR(TrωRM,ωR) = 0 for all i, 1 ≤ i ≤ n.
Proof. The equivalence of (i), (iii) and (v) follows from Theorem 2.14.
(iv)⇒(i). First we prove that M ⊗R HomR(C,ωR) is an nth ωR-syzygy module. Applying
(−)† := HomR(−, ωR) to a projective resolution · · · → Pn−1 → · · · → P0 → M
▽ → 0 of
M▽ = HomR(M,C), implies the following complex
(5.2.1) 0→ (M▽)† → (P0)
† → · · · → (Pn−2)
† → (Pn−1)
†.
By Example 2.7(i), ωR ∈ BC . Note by Lemma 5.1 that M ⊗R C
† is embedded in (M▽)† if
n = 1 and M ⊗R C
† ∼= (M▽)† if n > 1. Therefore M ⊗R C
† is 1st ωR–syzygy if n = 1 and,
M ⊗R C
† is 2nd ωR-syzygy for n > 1. Assume that n > 2. As Ext
i
R(C,ωR) = 0 for all i > 0,
ExtiR(TrCM,ωR)
∼= Exti−2R (M
▽, ωR) for all i > 2, by the exact sequence (2.3.1). Therefore the
complex (5.2.1) is exact, i.e. M ⊗RC
† is an nth ωR-syzygy. By Theorem 2.14, M ⊗RC
† satisfies
S˜n. As GC -dimR(M) <∞, M ∈ AC† by Example 2.7(iv). Hence M satisfies S˜n by Lemma 2.16.
(i)⇒(iv). We argue by induction on n. If n = 1 then it is enough to show that
AssR(Ext
1
R(TrCM,ωR)) = ∅. Assume contrarily that p ∈ AssR(Ext
1
R(TrCM,ωR)). By Lemma
5.1, depthRp(M ⊗R C
†)p = 0. As GC -dimR(M) < ∞, M ∈ AC† by Example 2.7(iv) and so
depthRp(Mp) = 0 by Lemma 2.16. As M satisfies S˜1, we conclude that p ∈ X
0(R). Hence
Ext1R(TrCM,ωR)p = 0, which is a contradiction.
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Now, let n > 1. By induction hypothesis, ExtiR(TrCM,ωR) = 0 for all i, 1 ≤ i ≤ n − 1. By
(v), Ext1R(TrCM,C) = 0. As noted, after Lemma 2.12, there is a universal pushforward
(5.2.1) 0 −→M −→ Cm −→ N −→ 0.
of M with respect to C. As Ext1R(N,C) = 0, the exact sequence (5.2.1) implies the exact
sequence
(5.2.2) 0 −→ TrCN −→ C
m −→ TrCM −→ 0,
by [5, Lemma 2.2]. Note thatN has finite GC–dimension. AsM satisfies S˜n and Ext
1
R(N,C) = 0,
it is easy to see that N satisfies S˜n−1. Induction hypothesis on N , gives that Ext
i
R(TrCN,ωR) = 0
for all i, 1 ≤ i ≤ n− 1. Finally, the exact sequence (5.2.2) implies that ExtiR(TrCM,ωR) = 0 for
all i, 1 ≤ i ≤ n.
Note that GωR -dimR(M) < ∞. Hence, the equivalence of (i), (ii) and (vi) follows from
Theorem 2.14. 
As a consequence, we can generalize [4, Theorem 4.2] as follows.
Corollary 5.3. Let (R,m) be a Cohen-Macaulay local ring of dimension d. Assume that M is
a stable R–module of finite GC -dimension such that HomR(M,C) = 0, then the following are
equivalent:
(i) M satisfies S˜n;
(ii) M is horizontally linked and Him(λM ⊗R C) = 0 for all i, d− n < i < d.
Proof. We may assume that R is complete with canonical module ωR. By Example 2.7(i),
ωR ∈ BC and so Ext
i
R(C,ωR) = 0 for all i > 0. By [19, Theorem 10.62], there is the following
spectral sequence:
Ep,q2 = Ext
p
R(Tor
R
q (TrM,C), ωR)⇒ Ext
n
R(TrM,HomR(C,ωR))
and so we get the following exact sequence:
(5.3.1) 0→ Ext1R(TrM ⊗R C,ωR)→ Ext
1
R(TrM,HomR(C,ωR))→ HomR(Tor
R
1 (TrM,C), ωR),
by [19, Theorem 10.33]. As TorR1 (TrM,C)
∼= HomR(M,C) = 0, we obtain the following exact
sequence
(5.3.2)
Ext1R(TrCM,ωR)
∼= Ext1R(TrM ⊗R C,ωR)
∼= Ext1R(TrM,HomR(C,ωR)),
by (5.3.1) and Remark 2.11(i). By theorem 2.2, M is horizontally linked if and only if
Ext1R(TrM,R) = 0. As GC -dimR(M) < ∞, M ∈ AC† by Example 2.7(iv). By Theorem 4.1,
Ext1R(TrM,R) = 0 if and only if Ext
1
R(TrM,HomR(C,ωR)) = 0 and this is equivalent to say that
Ext1R(TrCM,ωR) = 0 by (5.3.2). By Remark 2.11(ii), we have the following isomorphism:
(5.3.3) ExtiR(λM ⊗R C,ωR)
∼= Exti+1R (TrCM,ωR) for all i > 0.
By Theorem 5.2, M satisfies S˜n if and only if Ext
i
R(TrCM,ωR) = 0 for all i, 1 ≤ i ≤ n and
this is equivalent to say that M is horizontally linked and ExtiR(λM ⊗R C,ωR) = 0 for all i,
1 ≤ i ≤ n − 1 by (5.3.2) and (5.3.3). Now the assertion is clear by the Local Duality Theorem
[3, Corollary 3.5.9]. 
As an immediate consequence, we have the following results.
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Corollary 5.4. Let (R,m) be a Cohen-Macaulay local ring, a a GC -perfect ideal of R. Set
K = Ext
grade(a)
R (R/a, C). Assume that M and N are R/a–modules such that M ∼a
N and
HomR/a(M,K) = 0. If GC -dimR(M) < ∞ then M satisfies S˜n if and only if H
i
m(N ⊗R K) = 0
for all i, dim(R/a)− n < i < dim(R/a).
Proof. This is clear by Corollary 5.3 and Theorem 3.15. 
Note that, for a horizontally linked module M over a Cohen-Macaulay local ring R, the
properties S˜k and (Sk) are identical.
Corollary 5.5. Let (R,m) be a Cohen-Macaulay local ring and let I and J be two ideals of R
linked by the zero ideal. Assume that idRp(Cp) <∞ for all p ∈ X
0(R) and that CJC satisfies S˜1.
If GC -dimR(R/I) <∞, then the following are equivalent:
(i) R/I satisfies (Sn);
(ii) Him(
C
JC ) = 0 for all i, d− n < i < d.
Proof. This is clear by Corollary 5.3 and Lemma 3.11. 
Theorem 5.6. Let R be a Cohen-Macaulay local ring. Assume that M is a horizontally linked
R–module of finite GC -dimension and that λM ∈ AC (e.g. IC-idR(λM) < ∞). The following
are equivalent:
(i) M is maximal Cohen-Macaulay;
(ii) λM is maximal Cohen-Macaulay;
(iii) M satisfies (Sn) for some n > depthR− depthR(λM);
(iv) λM satisfies (Sn) for some n > depthR− depthR(M).
Proof. The equivalence of (i), (ii) and (iv) follows from [5, Corollary 4.7].
(iii)⇒(ii). By Example 2.7(i), TrM ∈ AC , and so HomR(M,C)
∼= TorR1 (TrM,C) = 0. By
Corollary 5.3, Him(λM ⊗R C) = 0 for all i, depthR − n < i < depthR. Set t = depthR(λM).
Note that depthR(λM ⊗R C) = t by Lemma 2.16. Hence H
i
m(λM ⊗R C) = 0 for all i, i < t.
As t > depthR− n, we conclude that λM ⊗R C is maximal Cohen-Macaulay. Therefore λM is
maximal Cohen-Macaulay by using Lemma 2.16 again.
(i)⇒(iii). If M is maximal Cohen-Macaulay then M satisfies (Sn) for all n. 
The following is a generalization of [17, Theorem 10].
Theorem 5.7. Let (R,m) be a Cohen-Macaulay local ring of dimension d ≥ 2 and M a hori-
zontally linked R–module. Assume that GCp -dimRp(Mp) <∞ for all p ∈ Spec(R)−{m} and that
λM ∈ AC . Then the following statements hold true:
(i) M is generalized Cohen-Macaulay if and only if λM is;
(ii) If M is generalized Cohen-Macaulay, then
Him(M)
∼= ExtiR(λM,R) for all i, 0 < i < d,
Him(λM)
∼= ExtiR(M,R) for all i, 0 < i < d;
In particular, If M is not maximal Cohen-Macaulay, then depthR(M) = r. grade(λM).
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Proof. By [22, Lemma 1.2 , Lemma 1.4], M is generalized Cohen-Macaulay module if and only
if Mp is a maximal Cohen-Macaulay module Rp–module for all p ∈ Spec(R)− {m}. Hence the
first assertion is clear by Corollary 5.6.
(ii) If M is generalized Cohen-Macaulay, then GCp -dimRp(Mp) = 0 for all p ∈ Spec(R)− {m}
by Theorem 2.5(iv). Hence Him(M)
∼= ExtiR(λM,R) for all i, 0 < i < d by Corollary 3.10(ii). By
Theorem 4.5, G-dimRp(Mp) = 0 for all p ∈ Spec(R)−{m} and so Ext
i
R(M,R) is finite length for
all i > 0. Now the second isomorphism follows from [4, Theorem 4.4]. 
As an immediate consequence, we have the following result.
Corollary 5.8. Let (R,m) be a Cohen-Macaulay local ring, c a GC -perfect ideal of R. Set K =
Ext
grade(c)
R (R/c, C). Assume that M , N are R/c–modules such that M ∼c
N . If GC -dimR(M) <
∞ and N ∈ AK , then the following statements hold true:
(a) The following are equivalent:
(i) M is Cohen-Macaulay;
(ii) N is Cohen-Macaulay;
(iii) M satisfies (Sn) for some n > depth(R/c)− depthR/c(N);
(iv) N satisfies (Sn) for some n > depth(R/c) − depthR/c(M).
(b) If dimR/c ≥ 2, then M is generalized Cohen-Macaulay if and only if N is. Moreover, if M
is generalized Cohen-Macaulay, then
Him(M)
∼= ExtiR/c(N,R/c) for all i, 0 < i < d.
In particular, if M is not Cohen-Macaulay then depthR(M) = r. gradeR/c(N).
Proof. This is clear by Theorem 5.6, Theorem 5.7 and Theorem 3.15. 
Note that if c is a GC -Gorenstein ideal then K = Ext
grade(c)
R (R/c, C)
∼= R/c. Hence Theorem
1.2 is a special case of Corollary5.8.
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